DIFFERENTIAL WORMS AND GENERALIZED MANIFOLDS 



PAVOL SEVERA 



Abstract. We study differential forms and their higher-order generalizations by interpreting 
them as functions on map spaces. We get a series of approximations of "generalized manifolds" 
(i.e. of sheaves and stacks) somewhat akin to Taylor series. 



Contents 



MultidifTerential algebras nr manifolds! 1 



jon 

3lJ 



Late informal introduction! 2 



Differential forms and differential worms as functions on man snacesl 3 



Reminder on presheaves (generalized ohiectsll 4 



Differential forms and presheaves on families of supermanifolds! 5 



Reminder on nresheaves front. 



mue 



dj 5 



^r^roximatwn^of^resheavK 6 
^er^resentabilit^of^reshgave^ 7 



,. . Examples of differential forms /worms on nresheaves and of approximation 
in. The case of sheaveT" 10 



1 1 . Onen endl 10 



Annendix A. Cohomology of worm ] 13 



A^P i eridix > 13 i __C i aTt^n^OTmilaj_ 13 



Appendix C. Integration of worma 14 



Appendix D. Level-2 worms in Riemannian geometrvl 15 
References! 16 



1. MULTIDIFFERENTIAL ALGEBRAS ON MANIFOLDS 

We shall make some computations with natural multidifferential algebras that generalize the 
algebra of differential forms on a manifold. The elements of these algebras will be called differential 
worms. In this section we just want to see how to compute in local coordinates and what is the 
behaviour under coordinate changes and pullbacks. 

Let us start with an open subset U of E™ (since we are going to compute in local coordinates). 
For any fceNwe shall construct a fc-fold differential graded-commutative algebra fl^]{U) (i.e. a 
/c-fold complex with a compatible algebra structure), generalizing differential forms on U; fi[i](?7) 
will be just Q(U). 

The algebra n^(U) of differential worms of level k will have the following properties: its zero- 
degree subalgebra will be C°°(U) and for every function / G C°°(U) and every differential d a 
among the k differentials d%,...,dk on f2ru(i/) ) we will have 

(1) d a f=^d a x\ 
Out of it we easily compute 

df d 2 f 

(2) d a d b f = — d a d b x l + d a x l d b x J , 

rin/,1 ri r r L ri r rJ 
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df d 2 f 
d a dbd c f = — -7 d a d b d c x l + (daX 1 d b d c x 3 + d b x l d c d a x 3 + d c x l d a d b x J ) + 

ox 1 ox 1 ox 3 

d 3 f 

(3) + d a x^d cX « 

and so on. 

The algebra fl^(U) is denned as the graded-commutative algebra freely generated by the 
algebra C°°(U) and by elements d ai d a2 . . . d ap x l , 1 < ai < a 2 < • • • < a p < k, 1 < i < n. 

We defined fi [£]({/) using coordinates, but it is easy to see what happens when we pass to a 
different system of coordinates x % . First of all, the relation Q is valid in any coordinates, since 

df df dx j df 

— — ■ d a X = £T--7— r d a x = — t d a x = d a f- 

OX 3 OX 1 ox 1 ox 1 

Hence also the relations ( |2| . (pj etc. hold in any coordinates. Now we can pass between any two 
systems of coordinates - we just set the / on the LHS of (1), (2), (3) etc. to be coordinates from 
one system and the x's on the RHS to be coordinates from the other system. Since we can pass 
between systems of coordinates, we can also define flny(M) on any manifold (it is easy to see 
that this definition is consistent). Moreover, for any smooth map M — ► N we have a pullback 
firju(iV) — ► f2ru(M), again given in coordinates by (1), (2), (3) etc. We should notice that the 
algebra Clm(M) belongs to higher-orded geometry if k > 2, since the transition formulas contain 
up to fc'th derivatives. 

The definition we just presented was very low-brow. One could give a more natural (coordinate- 
free) definition, using a universal property satisfied by 0[ fe j(M). We shall, however, wait until 
Sectional where Cl^] (M)'s will get a geometrical explanation, together with a much richer structure 
than that of a fc-fold differential algebra. 



2. Late informal introduction 

It is well known that one can see differential forms as functions on a supermanifold and de 
Rham differential as a vector field on the supermanifold. It is however less well known that the 
supermanifold and the vector field have a very simple geometrical explanation. Namely, differential 
forms on M are functions on the supermanifold Hom(R ' 1 , M) of all maps R ' 1 — > M (here R ' 1 
denotes the odd line), while both the differential and the degrees of differential forms, i.e. the 
structure of a complex on Q(M), come from the action of Diff (R ' 1 ) on Hom(R°l 1 , M). We found 
this geometrical explanation in |Konj . 

It is then straightforward to see n [k] (M) as functions on Hom(R°l' c , M). This gives us an action 
of Diff (R°l fc ) on fi[jq(M), which is (for k > 2) a stronger structure than just a fc-fold complex. 
We thus get not just a geometric meaning of differential worms, but also some new interesting 
properties. This point of view of worms also suggests the next developpement, as follows. 

Besides differential forms there are other interesting differential graded-commutative algebras 
(DGCAs). For example, if g is a Lie algebra, on the Grassmann algebra f\ g* there is the Chevalley- 
Eileinberg differential that makes it to a DGCA. As we'll see, these other DGCAs can also be seen 
as differential forms on some "generalized manifolds". By differential forms we mean functions 
on the space of maps from R ! 1 to the generalized manifold. The generalized manifolds we have 
in mind are contravariant functors from the category of (super) manifolds. If F is such a func- 
tor, the idea is to see F(M) as the "space of all maps M — > F'\ and thus differential forms 
on F are functions on ^(R ! 1 ). This way we can construct 0[fe](F) for any k, and moreover, 
approximate F using finu(-F) and the action of Diff(W°\ k ) on firu(Af) (the approximation is 
a,pp k F(M) = {Diff (R°l fc )-equivariant algebra morphisms Q[k](F) — > f2[ fe ](M)}). We thus get a 
sequence of approximations of F, akin to Taylor series. 

As a simple example, let G be a Lie group, and let us define F(M) = Hom(M, G)/G. In this 
case fl(F) is the Chevalley-Eilenberg DGCA Afl*- The approximation apPiF is given by 

app^Af) = {DGCA maps As* -> = {flat connections on M}. 

All higher approximations of F are in this case equal to app 1 F. 
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This paper is inspired, besides the fact that differential forms are functions on Hom(R°l 1 ,M), 
by Sullivan's Rational homotopy theory [SullJ, where one interprets general (reasonable) DGCAs as 
if they were differential forms on manifolds. In particular, one considers DGCA maps A — > il(Af) 
as maps from M to some generalized space (out from this one can e.g. construct a simplicial set by 
taking M's to be simplices of all dimensions, and then get the homotopy type of the generalized 
space as the geometric realization). We are interested in the inverse operation — getting a DGCA 
£l(F) out of a generalized space F, and also getting the algebras fl^(F) that approximate F 
better than il(F) does. 

Most of the ideas of this paper appeared in the unpublished work [KSJ; here we attempt to 
state them in a formally correct way. Differential worms were introduced independently (and with 
a saner name) by Vinogradov and Vitagliano |VV| . from a different point of view. 

3. DIFFERENTIAL FORMS AND DIFFERENTIAL WORMS AS FUNCTIONS ON MAP SPACES 

The basic hero of this paper is the supermanifold Hom(R°l fc , A) of all maps R°' fe — » A, where 
X is any (super)manifold. It is defined, up to unique isomorphisms, by the following property: 
for any supermanifold Y, a map Y — > Hom(M°l' £ , X) is the same as a map Y x R°' fc — > X. 

It is easy to see that Hom(R°l fc , X) exists for any k and X, and moreover, is naturally (i.e. func- 
torially in X) isomorphic with something well-known: 

Proposition 1. For any supermanifold X, Hom(K.°l 1 , X) is naturally isomorphic to HTX, and 
thus (using induction) Hom(R°l fe , X) is naturally isomorphic to (HT) k X. 



Here IITA is the odd tangent bundle of X. Recall that differential forms on X are functions 
on IITX. 1 The proof of the proposition is straightforward: let 9 be the coordinate on R ' 1 and x l 
be local coordinates on A, so that x % , dx l are local coordinates on ITTA. If R ' 1 — > X is a map 
parametrized by some Y (that is, a map R ' 1 xY X), expanding to Taylor series in 9 it is of the 
form x l {9) — x l {Q) + £ z 6; identifying x l (0) with x l and with dx l we get the (local) isomorphism 
between Hom(R°l 1 , A) and IITA. This identification is independent of the choice of coordinates 
x l , since using other coordinates x l we have 

x{x{0)) = x(x(0) + £0) = x(x(0)) + —£9, 

ox 

Le - £ = H £> J ust as di = % dx - 

The isomorphism of Hom(R°l 1 , A) with IITX is certainly not surprising: the relation 9 2 = 
basically says that maps R ' 1 — > A are 1-jets of curves in A, i.e. tangent vectors in A. It gives 
us, however, an interesting explanation of the deRham differential (which, being a derivation 
on fi(A), is a vector field on IITA). Namely, on Hom(R°l 1 , A) we have a right action of the 
supersemigroup Hom(R°l 1 , R ! 1 ), and this action gives us the structure of a complex on Q(X) (a 
left action of Hom(R°l 1 , R ! 1 ) on a vector space V is the same as a structure of a non-negatively 
graded complex on V). 

Let us compute the action of Hom(R ' 1 , R ' 1 ) explicitly. Given a transformation 9^9' = a9+j3 
of R ' 1 , we have 

x\9') = x\a9 + 0) = (x l (0)+Cf3) + a£ l 9, 

i.e. 

x l ^ x l + dx % (3, dx l h-> adx\ 
If we take infinitesimal generators of Hom(R°l 1 ,R°l 1 ), d/d9 and 9d/d9, we get the following: 

Proposition 2. The vector fields d/d9 and 9 d/ 89 on R ' 1 act on T1TM as 

ax —-^ and ax 



dx l d(dx 1 )' 
i.e. as the de Rham differential and the degree. 



1 more precisely, functions that are polynomial on the fibres of IITX; general functions on HTX are called 
pseudodifferential forms on X. If X is a manifold then every pseudodifferential form is actually a differential form. 



DIFFERENTIAL WORMS AND GENERALIZED MANIFOLDS 



-1 



Now we can make an obvious generalization, by passing from 1R ' 1 to ]R°' fe . On Hom(R°l' c , A) 
we have a right action of Hom(M°l' £ , ]R°l fc ). In particular, the vector fields d/d6 a on M°l fe (where 
9 a s, 1 < a < k, are coordinates on give rise to k odd vector fields d a on Hom(R°l fe , A), 

satisfying d a db + dbd a — 0, i.e. to k anticommuting differentials. In local coordinates x 1 on A, a 
map M°' fe — > X is given by functions x l {9) on K°' fc (we suppress the inessential dependence on Y), 
and we have 

x l {6) = exp(0 a d a )x l (0). 

We denote x % (0) simply by x l (a slight abuse of notation: x*'s were functions on X and now they 
become functions on Hom(R°l fc , X)). As an example, for k = 2 we get 

x l (9\ 6 2 ) = x l + 6 1 d i x i + 2 d 2 x l + 9 2 1 d 1 d 2 x\ 

Now we see that 



d ai d a2 ■ ■ ■ d ap x l (1 < ai < a 2 < ■ ■ ■ < a p < k, < p < k) 

are coordinates on Hom(M°l' c , X) and we can identify fi^jpf) with functions on Hom(K°l fc , X). 2 
Hom(K°l fc , M°l fc ) acts on Hom(M°l fc , X) from the right, and therefore on VL [k] (X) from the left. 
This gives Q^j (X) a stronger structure than that of a ^-differential algebra. For example when 
k = 2, vector fields on M ' 2 have basis 

d nb 9 x 2 8 

which generates on Hom(R°l 2 , X) the vector fields 

, id , , i d 

d a = d a x — t + dab did 2 x 



dx % d{dbX l ) 



9(4a; 1 ) d{did 2 x l ) 

Ra tab d{,X 3 TTj 

out of which only di, d 2 (differentials) and E\, E 2 (degrees) take part in the bicomplex structure. 

For further properties of worms see Appendix, and also the last example in Section that 
contains a decomposition of Opi (X) to indecomposable representations of Hom(l°' 2 ,l ' 2 ). Some 
other properties can be found in |KSj . 



4. Reminder on presheaves (generalized objects) 

The basic reference for this section is S( I A IVj , expose I. Let C be a category. A presheaf on C is 
a functor C° — > Set; the category of presheaves 3 on C (with natural transformations as morphisms) 
is denoted C. Presheaves can be reasonably viewed as generalized objects of C, with F(X) (F e C, 
IeC) interpreted as the set of morphisms X — » F. Namely, any object Y G C gives us a presheaf 
Y G C via Y(X) = Rom c (X,Y). For any X G C and F G C then Hom £ (A,F) F(X). This 
way C is identified with a full subcategory of C (which is the excuse for denoting X G C and the 
corresponding presheaf X G C by the same letter). 

A presheaf isomorphic to some X G C is said to be representable. For example, if J7, are 
objects of C, the presheaf U x V is defined as f7 x V"(A) = U(X) x F(X); if it is representable, the 
corresponding object of C (defined up to a unique isomorphism) is called the cartesian product of 
U and V, and denoted (somewhat abusively) U x V as well. Similarly, the presheaf Hom(J7, V) 
is defined by Hom([7, V)(JT) = Hom(L7 x X,V). If it is representable, the corresponding object 
of C is called the internal Horn from U to V, and is still denoted Hom([/, V). 



2 more precisely, Qrw (AT) consists of the functions that are polynomial in the differentials of x l 's; more invariantly, 
they are the functions that are in finite-dimensional Hom(R°l* : , R°l fc )-invariant subspaces of C°°(Hom(R°l' c ,X)) 

3 we make the usual hyper-correct assumption of working in some universe of sets to avoid set-of-all-sets-like 
problems 
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Proposition says that in the category of supermanifolds, Hom(M°l' £ ,X) is representable for 
any k and X. It will be quite conventient to speak of Hom(y, X) even when it is not representable; 
we just have to keep in mind that it is no longer a supermanifold, just a presheaf. 

5. Differential forms and presheaves on families of supermanifolds 

Let us denote by SM the category of finite-dimensional C°°-supermanifolds. 

Recall from Section[2]that we want to define differential forms on a generalized (super) manifold 
F as the algebra of functions on ^(R ' 1 ). For this to make sense, i^R ' 1 ) should be itself a super- 
manifold, and thus F should be a functor SM° — » SM rather than SM° — > Set. To get interesting 
examples we would have to admit some infinite-dimensional supermanifolds to SM. We prefer not 
to do it, and rather use SM as a formal replacement of infinite-dimensional supermanifolds, i.e. to 
consider functors SM° — > SM (which is the same as presheaves on SM x SM). We need these con- 
travariant functors to be functorial in this strong sense: for any two supermanifolds X, Y we need 
a morphism Hom(X, Y) x F(Y) — > F(X ), and these morphisms are required to be coherent under 
the composition of Horn's. Such a functor is the same as a presheaf on the following category, 
which has the same objects as SM x SM, but more morphisms. 

Definition 1. The category PSM (of product families of supermanifolds) has pairs of superman- 
ifolds as objects, and morphisms (Xi,B\) — > (X 2 ,B 2 ) are commutative squares 

XixBi -> X 2 x B 2 

I I 
Bi — > B 2 

where the vertical arrows are the canonical projections. 

It means that a morphism (Xi,Bi) — > (X 2 ,B 2 ) is the same as a map B\ — > B 2 and a map 
Xi x Bi -> X 2 , or in other words, Hom((Xi,S 1 ), (X 2 ,B 2 )) = (B 2 x Hom(X 1 ,X 2 )){B 1 ), This 
observation gives a morphism Hom(X,Y) x F(Y,-) — > F(X,-) in SM for any X, Y e SM and 
F € PSM, in particular, a right action of Hom(R°l 1 , R ' 1 ) on F(R I\ ■). 

Definition 2. If F S PSM and i^R ' 1 ,-) G SM is representable, differential forms on F are 
functions on (the supermanifold representing) ^(R ' 1 , •). Similarly, level- n differential worms are 
defined by substituting R ! 1 with R°l™. 

In particular, if F is represented by (X, {point}) then i^R ' 1 , •) is represented by the super- 
manifold Hom(R°l 1 , X) = HTX, so that differential forms on F are the same as differential forms 
on X. 

Presheaves on PSM are a reasonable definition for the "generalized manifolds" of Section[2l they 
will be the basic object of our study. 

Remark. Presheaves on the category PSM might look a bit exotic. However, "natural" presheaves 
on the category of manifolds usually admit a natural extension to PSM. Consider e.g. the presheaf 
of differential fc-forms. Firstly, differential forms make sense on supermanifolds, so we have a 
presheaf on SM. Secondly, if X and B are supermanifolds, we can consider families of differential 
/c-forms on X smoothly parametrized by B; this way we get a presheaf on PSM. Roughly speaking, 
smooth families of something on X, parametrized by B, are the presheaves on PSM that we are 
interested in. 

6. Reminder on presheaves (continued) 

Here we shall recall the relation between presheaves on a category and on its full subcategory: if 
C C D is a full subcategory then we can see C as a full subcategory of D, we have a projection app : 
D — > D onto C and a natural transformation idp — > app. It will be the basis for approximations of 
"generalized manifolds" using their worms (hence the notation "app" for the functor) , as outlined 
in Section [3 
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Let first C, D be any categories and u : C — > D any functor. It induces a functor u* : D — > C 
via u*{F) — F o u. The functor u* admits a right adjoint u* : C — > D, that can be denned via 
u*(F)(Z) — Hom^(u* (Z) , F) for F G C and Z e D. If now C is a full subcategory 4 of D and u 
is the inclusion (the only situation we shall meet; in that case u* is simply the restriction) then 
u* o is (isomorphic to) id^ and consequently w* is fully faithful. We can thus use u* to identify 
C with a full subcategory of D, and u* gives us a projection D — > C; the above mentioned functor 
app : D — > D will be defined as it* o u* and the morphism idp — > app comes from the fact that u* 
and form an adjoint pair. 

We finish with a simple condition that forces u* (and thus u*) to be an equivalence of categories. 

Lemma 1. Suppose that u : C — » D is a faithful functor, and that any object Y € D is a 
retract of some object X G C, ie. i/iai i/iere are morphisms Y — > u(X) — » F i/iai compose to idy- 
Then u* , and consequently u*, is an equivalence of categories. 

7. Approximations of presheaves 
Definition 3. For neN, ifte category PSM„ is the full subcategory of PSM with objects (R 0|n , £?), 

We have Horn ((K°l n ,Si), (R°l n ,B 2 )) ~ Hom(-B 1; B 2 ) x Hom(K°l", M°I")(_B 1 ), so we get the 
following lemma: 

Lemma 2. An object o/PSM„ can 6e equivalently described as an object o/SM with a right action 
of Hom(R°l™, IR '"); a morphism of PSM„ corresponds to an equivariant morphism o/SM. 

This lemma means that if F G PSM then taking F(M°^ n , •) G SM together with the right action 
of Hom(R°l", M°l' 1 ) is equivalent to restricting F from PSM to PSM n . In other words, if F(R°I", •) 
happens to be representable, the algebra of level-n worms on F together with the (left) action 
of Hom(R°l™, IR '™) is equivalent to the restriction of F to PSM„. In particular, the differential 
graded algebra of differential forms on F is equivalent to the restriction of F to PSMi. 

Next we shall see that restriction to PSM^ can be restored from restriction to PSM; whenever 
k < I. To this end we define some auxiliary categories: 

Definition 4. The category PSM<„ is the full subcategory of PSM with objects (X, B) such that 
X = R°l m with m < n. 

These categories form a chain PSM< C PSM<i C PSM< 2 C ••• C PSM. Moreover the 
inclusion PSM n C PSM<„ satisfies the assumption of LemmaQ i- e - 

Lemma 3. Let u : PSM„ — » PSM<„ be the inclusion. Then u* is an equivalence of categories. 

This means that there is no difference between restriction of a presheaf from PSM to PSM<„ 
or to PSM„; PSM„s are nice because of LemmaEl while PSM<„s are nice because they form an 
increasing chain. 

Definition 5. Let u n : PSM<„ — > PSM be the inclusion. The n-th approximation is the functor 
app„ = u n * o u* n : PSM — * PSM. The approximating morphism is the morphism id^g^ — > app n 

coming from the fact that u n * and u* form an adjoint pair of functors. A presheaf F G PSM is of 
order n if F — > app„(F) is an isomorphism (it is then of order m for every m > n), or equivalently, 
if it is of the form m„*(G) for some G G PSM< n . 

The category of presheaves of order n is thus equivalent to PSM<„ (or PSM„); in particular, 
for n = it is equivalent to SM. The chain PSM< G PSM<i C PSM< 2 G • • • G PSM gives us a 
chain 

apPo «- app x <- app 2 < <- app„ < 

that together with the approximating morphisms idpg^ — ► app fe form a commutative diagram. 

4 There is, of course, no real difference between a fully faithful functor and a full subcategory. Sometimes we 
shall even commit the crime of calling a category C to be a full subcategory of D when all we have is a fully faithful 
functor C — > D, provided the functor is clear from the context (C is then just equivalent to a full subcategory of D). 
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8. REPRESENTABILITY OF PRESHEAVES 

To get differential worms on an F (see Definitional we nee d -FXR '™, •) to be representable, so 
let us study this case. 

Definition 6. The objects of the category SM[„] are supermanifolds with right action of the 
super-semigroup Hom(R°l™, R°l"), and morphisms are equivariant maps. 

By Lemma El this category is a full subcategory of PSM„, and thus of PSM. The objects of 
SM[!] are also called differential non-negatively graded supermanifolds. 

The following definition says that F admits level-n worms and that it is completely determined 
by these worms. 

Definition 7. A presheaf F on PSM is n- representable if it is of order n and if F(R°I™, •) is 
representable. 

O-representable presheaves are those represented by objects of PSM of the form (A, {point}) 
(where A is the supermanifold representing F({point}, •)), i.e. their category is equivalent to SM. 
Similarly, we have the following obvious claim for arbitrary n: 

Proposition 3. The category of n-representable presheaves on PSM is equivalent to SMr n i, where 
Z G SMy corresponding to an n-representable F is the supermanifold representing F(R°\ n , ■), and 
F corresponding to Z is given by 

F(X,B) = the set of Hom(R 0|n ,R 0|n )- equivariant maps Hom(l 0| ",X) x B ^ Z. 

In particular the object Z 6 SMr n i corresponding to (X,B) is Hom(R l™, X) x B. 

It follows from definition that if F € PSM is of order n then it is of order m for any m > n. 
We shall make a conjecture that same is valid for n-representability, i.e. that the categories of n- 
representable functors form an increasing chain. If the conjecture is valid, by the previous theorem 
we have a chain of fully faithful functors 

SM = SM [0 ] -> SMpj -> SM [2 ] -> • • ■ 

Conjecture. Let F be an n-representable presheaf on PSM. Then 

1. F is m-representable for every m > n 

2. app m (F) is m-representable for every m. 

Remark. 1. follows from 2. since F = app TO (F) for m > n. We thus have to prove that if Z is 
an object of SM[„] (in our case Z is the supermanifold representing ^(R !™, •)) then the following 

presheaf H G SM is representable: 

H(X) = the set of Hom(R '", R°'")-equivariant maps Hom(R 0|n , R 0|m ) x X -> Z. 

This is easy to see if m < n, but we were not able to prove (or disprove) it when m > n. (The 
conjecture is, of course, true for all the examples we shall consider.) 

We understood PSM and all its subcategories such as PSM n and SM[„] as categories of gener- 
alized supermanifolds. Here is the condition for a generalized manifold: 

Definition 8. A presheaf F G PSM is even if it is stable under the parity involution, i.e. if for 
every (X, B) G PSM, F sends the parity involution (A, B) — > (A, B) (which is the parity involution 
applied to both A and B) to the identity on F(X, B). 

If F is represented by some (Y, C) G PSM, this condition means that both Y and C are 
manifolds. The condition translates to SMr„i in the following way: the parity involution of R '™ 
(an element of Hom(R°l", R°l n )) should act on a Z G SM[ n j by the parity involution of Z. In 
particular, for n = 1 it means that if / is a function on Z of degree d, its parity is the parity of d. 
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9. Examples of differential forms/worms on presheaves and of approximations 

The presheaves F G PSM in this section will be of the form F(X,B) = smooth families of 
something on X, parametrized by B. It's an experimental fact (but not a theorem) that such 
presheaves admit worms of any level (i.e. F(R°I™, •) is representable for every n, or in other words, 
app„ (F) is n-representable for every n) . 

Example. As the most trivial example, let us take the presheaf represented by an object (X, B). 
This presheaf is n-representable for any n > 1, the corresponding object in SM[ n ] is Hom(R°l™, A") x 
B, hence the level-n worms on the presheaf are level-n worms on X smoothly parametrized by B. 
The presheaf is O-representable only if B is a point (which is, however, the most interesting case). 

Example. Let G be a Lie group (or supergroup). Let F(X,B) = Hom(A x B, G)/Hom(B, G) 
(where both Hom(A x B, G) and Hom(i3, G) inherit the group structure from G). Then F(M°I 1 , •) 
is represented by Ilg = Hom(R° l , G)/G. Differential forms on F, i.e. the differential graded 
algebra of functions on Ilg, is the Chevalley-Eilenberg complex of 0. We have a,pp 1 (F)(X, B) = 
smooth families of flat g-connections on X parametrized by B; &pp±(F) is thus the sheafification 
of F. All higher approximations of F are isomorphic to app-^F). 

Example. As a generalization of the previous example, let G be a Lie groupoid (or supergroupoid). 
From X,B e SM we form a groupoid Gx,b with objects X x B and morphisms X x X x B (i.e. the 
pair groupoid of X times the trivial groupoid of B). We define 

F(X, B) = {Lie groupoid morphisms Gx,b — > G} 

(in other words, families of Lie groupoid morphisms from the pair groupoid of X smoothly 
parametrized by B). Then i^R ! 1 ,-) is represented by IL4, where A is the Lie algebroid of 
G. The algebra of differential forms on F is thus T(/\ A), the Chevalley-Eilenberg complex of A. 
The first approximation of F is given by 

&pp 1 (F)(X, B) = {Lie algebroid morphisms TX x B — ► G}, 

i.e. it is the sheafification of F. Higher approximations of F are again isomorphic to app-^F). 

Example. This is an extremely simple example, but it might be enlightening. Let F be given by 

F(X,B) = {families of closed /c-forms on X smootly parametrized by B}. 

Then i^R ' 1 , •) is represented by the (1-dimensional) vector superspace of closed fc-forms on R ' 1 , 
i.e. by R[k]. This F is 1-representable. 

Example. This is an example of a presheaf on which a group acts. Let G be a Lie group, g its 
Lie algebra, and let F be given by 

F(X, B) — {families of g-connections on X smoothly parametrized by B}. 

On this F acts the group (represented by) G, namely on F(X, B) acts the group Hom(A x B, G) 
by gauge transformations. The presheaf F is 1-representable, the algebra of differential forms on 
F is the Weil algebra W(g). Moreover, the action of Hom(R ' 1 , G) on differential forms gives the 
standard G-differential structure on W(g). 

If now M is a manifold (or supermanifold) with G-action, the algebra of differential forms on 
FxMis W(g) <S> fl(M), and the algebra of Hom(R°l 1 , G)-invariant differential forms is the basic 
subcomplex (whose cohomology is the equivariant cohomology of M if G is compact). 

Example. Let us fix a supermanifold Y and let F be given by F{X,B) = Hom(A x X x B,Y) 
(or in other words, families of smooth maps X x X — > Y smoothly parametrized by B). Then 
F(R°I", •) is represented by Hom(R°l" x R°l", Y), and 

app n (F)(X, B) = {smooth families of sections of j k (X, Y) parametrized by B}, 

where j k (X, Y) — > X is the bundle of fc-jets of maps X — > Y. If for example Y = R, the 
differential forms on F form the free graded commutative algebra generated by x,£,r,t with 
dega; = 0, deg£ = degr = 1, degi = 2, with differential given by dx — £, dr = t. 
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Example. Given m G N we shall consider the presheaf given by 

F(X, B) = {smooth families of sections of (T*)® m X, parametrized by B}, 

and similar presheaves given by natural subbundles of (T*)® m X (it is convenient to decompose 
(T*)® m JT with respect to the action of the symmetric group S m ). 
Let A be a Young diagram with m squares, e.g. 



for m = 10, and let W(\) be the corresponding irreducible representation of S m . If V is a vector 
space, let 

Vx=Uom Sm (W w ,V® m ), 

where S m acts on V® m by permutations of factors (recall that V\ is an irreducible representation of 
GL(V)). This way we get a functor from the category of vector spaces to itself, given by V t— ► V\, 
and thus a presheaf 

F\(X, B) = {smooth families of sections of T£X, parametrized by B}. 

For any A and any n the functor Fa(K '™, •) is represented by the vector superspace r(T£R°l n ). 
Let c be the number of columns of A. The presheaf F\ is n-representable for n > c, while 
a,pp n (Fx)(X, B) — {0} for n < c. For n = cwe have 

app c (F\)(X, B) — {smooth families of sections of T^X, parametrized by B}, 

where T£X is a natural bundle over X containing T£X. 

If c = 1 (the case of differential forms) then T^X = T^X; the same is true when A has only one 
row (the case of symmetric tensors). When c = 2 we have the following result: T£X has a natural 
increasing filtration 

T*X = A 1 cA 2 C---C f*X, 

such that each Ai + \/Ai is isomorphic to some T*X. The rule for obtaining these /z's from A should 
be clear from this picture: 



In words, we keep removing squares from the two column and adding them to the first row, till 
the second column contains only one square. 

This result enables us to decompose Opi (M) to indecomposable representation of the super- 
semigroup Hom(R°l 2 ,M°l 2 ). The irreducible (left) representations of Hom(R°l 2 , M°l 2 ) are duals of 
r(T^R°l 2 ) for 2-column A's (these are called generic irreducibles), and duals of the spaces of closed 
/c-forms on M ' 2 , k G N (non-generic irreducibles). The representation theory of Hom(l°' 2 ,l ' 2 ) is 
quite simple: generic irreducibles never appear in the composition series of reducible indecompos- 
able representations, and the only reducible indecomposable cyclic representations are duals to the 
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spaces of differential fc-forms on K ' 2 , k £ N. It gives the following decomposition of polynomial 
functions on Hom(M°l 2 , R°l 2 ): 

» l# .^(ffir K ,.|.r M(I? *)j e _^g^gg_ 

(where the sum is over all 2-column A's) and thus for any supermanifold X 

fc f7 fe (M°i 2 )* ® n k (x) 



d(0 fc O fe (R°l 2 )* o a k - l (x)) ' 



= ^0r(T A *M°i 2 )* ®r(2po 

Unfortunately, the representation theory of Hom(R°' n , R°l") is wild for n > 3 Shorn] . and we 
do not know how to decompose the space of polynomial functions on this semigroup. We also 
do not know the composition series of T£ for general A with more than 2 columns. Just as an 
example, here is the composition series for a rather simple A with 3 columns: 




10. The case of sheaves 

Most of the examples of presheaves we considered were actually sheaves, and all their approx- 
imations were sheaves. Let us be more specific about what we mean. Let (X,B) and (Xi,Bi) 
(where i runs through some index set I) be objects of PSM. Then (Xj, Bi) is a covering of (X, B) 
if each is an open subset of X, each Bi is an open subset of B and UPm X Bi) = X X B. 
A presheaf on PSM is a sheaf if for any (X, B) and any covering of (X, B) it satisfies the usual 
conditions for sheaves. 

Sheaves on PSM can be extended to a larger category where they look more natural: 

Definition 9. The category FSM is the category of foliated supermanifolds, i.e. its objects are 
foliated supermanifolds and morphisms are smooth maps that map leaves into leaves. 

Any object (X, B) 6 PSM gives a foliated supermanifold X x B, with leaves given by projection 
X x B —>■ B. This way PSM becomes a full subcategory of FSM. Any sheaf on PSM is naturally 
extended to a presheaf on FSM that is actually a sheaf w.r.t. the etale topology. 

As an important example, all n-representable presheaves (for any n) are sheaves. All approxi- 
mations of sheaves are sheaves as well. 

11. Open ends 

This concluding section contains some suggestions for further development. 

11.1. Stacks, their differential forms/ worms and approximations. Very informally speak- 
ing, the basic idea of this paper is to approximate "things" defined on all (super)manifolds by 
evaluating them on the simplest supermanifolds of the form R°l fc ; we suppose these "things" to 
be contravariant, thus getting differential forms/ worms into the play. There are of course many 
different formalizations of this vague idea. 

As an example, here we shall briefly present a slight generalization of what we did so far, 
basically by passing from contravariant functors to the category of sets to contravariant functors 
to the category of categories. More precisely, we shall deal with stacks (sheaves with values in 
categories) over the category SM or FSM (we always use the etale topology, where by definition 
a covering is a surjective locally-diffeomorphic map). We do it just to show some interesting 
examples. For definitions see IGjjj ISGA Ij . though they are not necessary to understand our 
simple examples. 

If G is a Lie group, we have the stack of all principal G-bundles (morphisms in this stack 
are G-equivariant maps between the bundles). More generally, if G is a Lie supergroup with a 
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right action of Hom(R°l fe , R°l fc ) (i.e. G is a group object in the category SM[ fe j) then for any 
(super) manifold X we can consider principal G-bundles 

P 

I 

Hom(R°l fc ,l) 

with a compatible action of Hom(R°l fe , R°l fe ) on P (compatibility means that the maps G x P — > 
P and P -> Hom(M°l fc ,X) are Hom(R°l fe , R°l fe )-equivariant). We again get a stack over SM 
(morphisms are now maps that are both G and Hom(R°l fc ,R°l fc ) equivariant) . We can extend this 
stack to FSM by using the same formulas, when R°' fc is understood as a foliated supermanifold 
with just one leaf. 

Instead of a Lie group G we can also take any Lie category C and consider principal C-bundles. 
If C € SM[„] (the right Hom(R°l fc , R°l fc )-action on C is supposed to be copatible with the category 
structure of C), we can again consider principal C-bundles over Hom(R°l fc , X)'s with a compatible 
right Hom(R°l fe ,R°l fc )-action, and get a stack over FSM this way. 

Yet more generally, the action of Hom(R°l fc , R°l fc ) on C may be weak (i.e. up to coherent 
natural transformations of C) ; precisely and invariantly it means that we have a fibred Lie category 
C — > Hom(R°l' c ,R l fc ) (where the semigroup Hom(M°l fe ,R°l fc ) is understood as a category with 
only one object) whose fibre is C. We can then consider principal C-bundles P — > Hom(R°' fe , X) 
with a compatible action of C on P. Stacks of this form will be called weakly k-representable. 

Contrary to /c-representable (pre)sheaves, the fibred category C is not uniquely determined by 
the corresponding stack on FSM. However, given a morphism between two stacks represented by 
C\ and C2 respectively, we have a Lie category fibred over (1 2) x Hom(R°l fc ,R°l' c ) (where 
(1 — ► 2) is the category with objects and 1, with a unique morphism 1 — > 2) that coincides with 
Ci and C2 over 1 and 2 respectively. If the morphism is an equivalence, we get a Lie category 
fibred over (1 <-> 2) x Hom(R°' fe , R°' fc ); the category C is defined by the corresponding stack up 
to such equivalences. 

We can define approximations of stacks on FSM just as we did for presheaves: given a stack S — > 
FSM we can restrict it to PSM^; the restriction has a right adjoint (see [Gir ). The composition of 
the restriction with the induction will be called again fe-th approximation. Weakly fc-representable 
stacks are of course equivalent to their fc-th (and higher) approximations. 

Let us finally present some examples. They are all weakly 1-representable. 

Example. ("Categorified de Rham complex") Let R[k] = Z fc (R°l 1 ) C f2 fc (M Q|1 ) denote the 
1-dimensional group of closed /c-forms on R ! 1 . If X is any supermanifold, it is easy to see 
that equivariant principal R[fc]-bundles P — > Hom(R°l 1 , X) are classified by k + 1-th de Rham 
cohomology group of X, while automorphisms of P are canonically isomorphic to closed /c-forms 
on X (see |S1|L These bundles are nothing but -E fc (X)-torsors. (If X G FSM we need to take 
leafwise forms and their cohomology.) 

On the other hand, equivariant r2 fc (R°l 1 )-principal bundles P — > Hom(R°l 1 ,X) are the same 
as f2 fc (X)-torsors, i.e. affme bundles over X whose associated vector bundle is /\ k T*X. They are 
all isomorphic. 

The exact sequence 

-> R[fc] -» fi fe (M 011 ) -> R[k + 1] -> 

says that a reduction of a ^-bundle P -> Hom(R°l 1 ,X) (i.e. of a ^(^-torsor) to a Un- 

bundle (to a Z fc (X)-torsor) is the same as a trivialization of the M\k + l]-bundle X/R[k]. 

Example. (Pontryagin class) Let G be a Lie group and (, ) be an invariant symmetric bilinear 
form on the Lie algebra g. There is a central extension T[1]q of the cone T[l]g = q © g[l] of g by 
R[2], given by 

[u,v] = (u,v) e K[2], u,v£g[l]. 
This extention of differential graded Lie algebras can then be integrated to a central extension 
f[T]G of T[l]Gby R[2]. 
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Since on both T[l]g and T[1]G we have a right action of Hom(M°l 1 , R ! 1 ), they give us 1- 
representable sheaves on FSM: for any foliated supermanifold X, T[l]g gives a central extension 
of the Lie algebra of all smooth maps X — > g by closed leafwise 2-forms on X, while T[1]G gives a 
central extension of the group of all smooth maps X — ► G, again by closed leafwise 2-forms on X. 

The stack weakly 1-represented by T[1]G is the stack of torsors of the above-mentioned sheaf 
of group. If P — » X is a principal G-bundle, it can be lifted to a torsor of the central extension iff 
its (, )-Pontryagin class vanishes, i.e. if the leafwise 4-form (f2 A ft) (where fl is the curvature of a 
leafwise connection on P) is exact. 

Example. (Weil and Cartan models of equivariant cohomology) Let G be a Lie group. 
Let us consider the stack whose objects are principal G-bundles with connection (if we mean a 
stack over FSM, the connection should be just along the leaves of the foliation) and morphisms are 
G-equivariant maps preserving the connection. This stack is weakly 1-representable. It is easy to 
find a Lie supergoupoid P with a right action of Hom(R°l 1 , R ' 1 ) representing this stack: over R ' 1 
any G-bundle is trivial, so we can take the affine space ri 1 (R ' 1 ) ® g of connections on this bundle, 
the gauge group Hom(R°l 1 ,G) acting on this space, and finally put T to be the corresponding 
action groupoid. 

We can find a smaller groupoid P' equivalent to P: any g-connection on R ' 1 can be made to 
vanish at the origin by a gauge transformation, i.e. is gauge-equivalent to a connection of the form 
addO, a S g. The groupoid V will be the full subgroupoid of T whose objects are connections of 
this form. T' is nothing but the action groupoid of G on g (with the adjoint action). The action 
of Hom(R ' 1 , R ' 1 ) doesn't descend from T to V however; we only have a fibred Lie category 
f' -> Hom(R°l 1 ,R°l 1 ) with fibre T. 

Let now M be a manifold with a G-action. Let us consider the stack of principal G bundles with 
a connection (as above) and with a G-equivariant map to M. This stack is weakly 1-represented by 
the action groupoid of Hom(R°l 1 , G) acting on 1 (R°l 1 )(gig x Hom(R°l 1 , M), or by the equivalent 
action groupoid of G on g x Hom(R°l 1 , M). When we take the invariant functions on the bases of 
these groupoids, we get Weil and Cartan model of G-equivariant cohomology of M respectively. 
The fact that in Cartan model d 2 — only on equivariant forms (i.e. on invariant functions on 
g x Hom(R°l 1 , M)) comes from the fact that on L' we do not have a Homft ! 1 , R°l 1 )-action, just 
the fibred category f' -> Hom(R°l 1 , R ! 1 ). 

Example. (Quasi-Poisson groupoids) An interesting example of Lie categories fibred over 
Hom(R ' 1 , R ' 1 ), and thus of weakly 1-representable stacks, comes from Lie quasi-bialgebras and 
more generally from Lie quasi-bialgebroids. As at the end of the previous example, we will not have 
an action of Hom(R°l 1 , R ! 1 ) on a Lie category, just a Lie category fibred over Hom(R°l 1 ,R°l 1 ). 
More precisely, we shall use the isomorphism Horn (M ' 1 , M ' 1 ) = (R, x)xR[-l] (a general element 
ofHom(R°l 1 ,R°l 1 ) is of the form 6 h-> a6+fj; (R, x) corresponds to 6 i-> aO andR[-l] to 6 ^ 9+(3); 
we shall describe Lie groupoids fibred over R[— 1], with a right action of (R, x) (in other words, 
we shall have graded Lie groupoids, with differentials "up to homotopy"). 

As noticed in [S2J, a Lie quasi-bialgebra structure on a vector space g can be described as a 
graded principal R[2]-bundle X — > g*[l], with an R [2] -invariant odd Poisson structure ir of degree 
— 1 on X. Similarly, if A — > M is a vector bundle, a Lie quasi-bialgebroid structure on A is a 
principal R[2]-bundle X — > A*[l], again with an odd Poisson structure as above. (In perhaps 
more familiar algebraic terms, we add a variable t of degree 2 to the graded-commutative algebra 
T(/\A*) and want a Gerstenhaber bracket on the result, such that all [a,j9], [a, t] and [t, t] are 
in F(/\A*) for any a,/3 S T(/\A*).) If the odd Poisson structure on X is integrable to an odd 
symplectic groupoid P, the M[2]-action on X lifts to a Hamiltonian action on P, with a Hamiltonian 
f — > R[— 1] that is a morphism of groupoids and makes T to a groupoid fibred over R[— 1], as we 
wanted. 

11.2. Differences vs. differentials. In this paper we exploited the fact that Hom(R°l fe ,X) is 
representable. Besides R°' fc 's there are other (super)manifolds sharing this property, namely finite 
sets (of course, for them it is completely trivial). We could thus rewrite the paper: in place of 
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IR°l fc we would use a m-element set, in place of Hom(M°l fe , M ^) we would use the semigroup E m 
of all maps of the m-element set to itself etc. 

In the Examples Section EH some of the examples are induced from finite sets. Let us consider 
the second one given by a Lie group G (where we can take m — 3) . When we restrict that functor 
to the category E of finite sets we get a functor E° — > SM (for any finite set S we take its pair 
groupoid SxS =i S and then the manifold of all the functors from this groupoid to G) . The functor 
E° — > SM is roughly speaking the "enhanced" nerve of G (the ordinary nerve is a contravariant 
functor from the category of ordered finite sets A; in E we have more morphisms than in A, 
i.e. a functor from E is a stronger structure than a functor from A; we get "simplicial objects 
with inverses"). The general procedure of computing "the Lie algebra of a simplicial manifold 
with inverses" is to start with a functor E° — ► SM, induce it to a presheaf on PSM and then 
compute its differential forms and possibly also its higher level worms. An interesting question is 
when these algebras exist (i.e. when the corresponding presheaves on SM are representable) and 
whether/when the fc-th approximations of this presheaf stabilize. 

Appendix A. Cohomology of worms 

The cohomology of 0™(J) with respect to d\ (or with respect to any non-zero linear combina- 
tion of da's) is canonically isomorphic to de Rham cohomology of X. Indeed, d\ comes from the 
vector field d/d9 1 on R ' 1 . On the other hand, 

[0/001,0x02 d/oe 2 } = e 2 d/de 2 , 

which means that the d\ -cohomology of the subcomplex of il[ k ](X) with non-zero 2nd degree 
vanishes (as 2 0/002 generates the 2nd degree, and the above equation says that it is homotopic 
to 0). The same is of course true for any degree except for the first one. As a result, the embedding 
Ct(X) — fimpf) — > 57[ fe j(A) is a quasiisomorphism. 

The action of Hom(R°l fe , gives rise also to some other differentials on fl^(X). For 

example, the cohomology of the differential given by 9i9 2 0/002 is isomorphic to Q[k-i](X): the 
above equation again shows that firu(X) is quasiisomorphic to the subcomplex with vanishing 2nd 
degree (which can be identified with il[ fc _ 1 ](A)), but on the subcomplex the differential vanishes. 

Appendix B. Cartan wormulas 
Here we shall see how the Cartan formula 

\d, 2^] £~-v 

can be derived from the fact that differential forms are functions on a map space, and how the 
formula generalizes to Cl[k], The formula really comes from the action of the group DiffiY) X 
(Diff(X)) Y on the space of maps Y — ► X (where Y = M°' fe for our purposes), or yet better, from 
the action of the corresponding Lie algebra XiY) K (C°°(Y) <g> X(X)) (here X(X) denotes the Lie 
algebra of vector fields on X). 

If u £ X(Y) and / ® v 6 C°°(Y) ® X(X), we denote the corresponding vector fields on 
Hom(y, X) by u b and / ■ v# (1 will be denoted simply t>#). 5 The following formulas express 
the fact that on Hom(y, X) we have an action of X(Y) k (C°°(Y) ® X(X)): 

[u\,u 2 ] = [u 1 ,u 2 ] b 
[u\f-v*] = (uf)-v* 

[h-V*,h-V*] = {-l) MlM (hf2)-[vi,V 2 ]*. 

In the case of Y = R ' 1 the equation 

[{d/d6)\e-v*] = v* 

is Cartan's [d,i v ] — C v (since (0/06*) b = — d, 8 ■ v# = —i v and w # — C v ); for Y = M°' fe , the above 
commutation relations are the promissed generalization of Cartan's formula. 

5 one can easily see that the operation /• can be applied to any vector field on Hom(F,X), not just to those of 
the form u# ; we shall not need this fact here 
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Appendix C. Integration of worms 

Integration of forms can be reformulated in the following well-known way: For any superman- 
ifold X there is a natural volume form ^utx on UTX. If x"s are local coordinates on X then 
[iyitx is just the coordinate volume form in the coordinates x z, s, dx l, s on UTX. The volume form 
is d-invariant, i.e. d Hurx =0. If a is a (pseudo) differential form on X, i.e. a function on UTX, 
then the integral of a is defined as 



L 



a 1-lYlTX ■ 

UTX 

From the (i-invariance of Utitx we get 

da = 



for any a with compact support. To get Stokes theorem from here, let %o be the characteristic 
function of a compact domain fl; then 

= / d(xna) = / (dxn)a + / xnda = - I a+ da. 
J J J Jon Jn 

For k > 2 we can write (UT) k X as HT ((UT) k ^ 1 X) and thus obtain a volume form H(ur) k x on 
(HT) k X. A simple computation shows that H(nT) k x is X(R°^ k ) invariant (only if k > 2; for k = 1 
we had just (i-invariance, but not 6 <9/<90-invariance). We use this volume form to define integrals 
of worms. For example, if X = R and k — 2, we have 



- x2 -( dld2X ^d 1 xd 2 x = ir. 

The ,Y(R ' fe )-invariance leads to obvious generalizations of Stokes theorem. Notice that the ele- 
ments of r2[ fe ](M) for k > 2 are never integrable functions on (UT) k M (being polynomial on the 
fibres of (I\T) k M). To get interesting examples we need to use general (non-polynomial) functions 
on (UT) k M = Hom(M°l fe ,M); we shall call them pseudodifferential worms. 
Here is a simple illustrative result for k = 2: 

Proposition 4. Let M be a connected compact manifold and (3 a level-2 pseudodifferential worm 
on M. If d\(3 — d2/3 — and if /3 is integrable then 



f o_ ( xm/2 c 



where m is the dimension of M , (3\m is the restriction of (3 to the zero-section M C (nr) 2 M 
(P\m is a constant because of dip = d 2 fi = 0), xm is the Euler characteristics of M and S m is 
the volume of the unit m- dimensional sphere. 

Proof. We will first prove a special case. Let g be a Riemann metric on M and let us define 
7 = gijd\x % dix3 G Op](M); 7 is clearly independent of the choice of local coordinates. We will 
prove the theorem for (3 — e dld2 ~ 1 . In Riemann normal coordinates we have at the origin 

d\d 2 j = —5ij did 2 x l did 2 x 3 - \^R % jki dix 1 dix j d 2 x k d 2 x k 

where Rijki are the components of the curvature tensor. To compute the integral we pass to 
Riemann normal coordinates at any point of M and then integrate over d^'s, d 2 x l, s and did 2 x l, s\ 
we end up with the Pfaffian of the curvature whose integral over M is well known to be a multiple 
of xm- By comparing with the case when M is the unit m-dimensional sphere we get our result. 

To prove the theorem for a general (3 we need the following result: if a £ C°° {{UT) 2 M) grows 
at most polynomially in d\d 2 x %, s, d\a — d 2 a = and a\u — then J e dld2l a = 0. Indeed, 
since o\m = 0, we can find a k £ C°°((IIT) 2 M) such that a = En and d\n = d 2 K = 0, where 
the vector field E = -{618/861 + 6 2 d/d0 2 f is the total degree, i.e. E = d a x l 8 / 8{d a x i ) + 
2d\d 2 x l 8/d(d\d 2 x l ). Since 

010/001 + e 2 8/d6 2 = [8/d6 u 6 X 6 2 d/80!] + [8/862, 2 6i 8/862], 
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i.e. 

e = [d u {6^2 d/derf] + [da, {e 2 e 2 d/de 2 f], 

we have 

a = En = d x (6i6 2 d/d6{fn + d 2 (9 2 8 2 d/d6 2 fn, 

and thus 

**»-r a = f d 1 (e did ^(e 1 e 2 d/de 1 f K )+ { d^^ie^d/de^n) = o 



(the last equality by the (ii^-invariance of integration). 

Finally to prove our theorem, set a = (3 — (3\m, multiply 7 by a constant s > and take the 
limit s — > 0+. □ 

Appendix D. Level-2 worms in Riemannian geometry 

This appendix is a very elementary example of how worms may appear in traditional geometry. 
At the same time it contains an explicit calculation of an approximation of a presheaf in a simple 
case, hopefully better explaining the meaning of approximations than the main abstract text. We 
try to be "pedagogical" here. 

Given a Riemann metric g on M we can form a level-2 worm 

7 = gij dix l d 2 x 3 e Q[ 2 ](M) 

(7 is clearly independent of the choice of local coordinates; we used this worm already in the 
proof of Proposition . Out of 7 we can compute dij, d 2 j and d\d 2 j; the last one contains 
"conveniently packed" Levi-Civita connection and curvature of g. Moreover, as we'll see, the four 
worms form a basis of an irreducible representation of Hom(l°l 2 , R ' 2 ). 
An easy computation gives 

(4) d\d 2 ^i = —gtj d\d 2 x % d\d 2 x^ + 2Tijk d\d 2 x l d\x* d 2 x k + gtkji d\X % d\X? d 2 x k d 2 x l 

where T^k = (gij,k + Qikj — 9jk,i)/2 are the Christoffel symbols (components of the connection). 
If we look at |J as a function of did 2 x l, s and evaluate it at its critical point 

d\d 2 x l = — r* fc d\x % d 2 x 3 , 

we get 

(5) -^Rijki dxx'dxx d 2 x k d 2 x l . 

Geometrically we did the following: the space (HT) 2 M = Hom(R°l 2 , M) is fibred over the space 
II(T 8 T)M of 1-jets of maps R° |2 -> M (the additional coordinates in (n~T) 2 M are precisely 
did 2 x"s); the critical points of ^1^27 on the fibres of (n~T) 2 M — > n(T © T)M give us a section 
II (T © T)M -> (nT) 2 M; we use it to pull back did 2 7 and get a function on II(T © T)M ', i.e. a 
section of f\{T © T)M, Q. 

Let us now look at the action of Hom(R°l 2 , R°l 2 ) on the worms 7, di"f, d 2 7 and d\d 2 j. The 
infinitesimal generators of the action were computed at the end of Section We see directly 
that i? a 7 = and Egj = ^7. As a result, 7, e?i7, d 2 7, d\d 2 ^ is the basis of a representation 
of Hom(R°l 2 ,R°l 2 ), or better, they are components of an equivariant map Hom(R°l 2 ,M) — > V, 
where V is certain irreducible 4-dimensional representation of Hom(R°l 2 , R°l 2 ). Geometrically, V 
is the space of sections r(S ,2 T*R ' 2 ). Moreover, if 7 S il[ 2 ](M) is any worm satisfying R a j = 
and £^7 = (5^7 then 7 = d\x l d 2 x^ for some tensor field g 6 T{S 2 T* M) (indeed: the condition 
Egj = (5^7 means that 7 = d\x l d 2 x^ + hi d\d 2 x l and R a j = gives hi = 0). In other words, 
an equivariant map Hom(R°l 2 , M) — > V is the same as a section of S 2 T*M. 

Let us see what really happens. Let g be a section of S 2 T*M. Given any map 4> : N — > M 
we get a section <\>*g of S 2 T*N . If we take N = R ' 2 , for any map R ' 2 — > M we get an element 
of the vector space V = r(S ,2 T*R°l 2 ), i.e. we have a map from Hom(R°l 2 ,M) (the space of all 
maps R ' 2 — ► M) to V. Our map Hom(R°l 2 , M) — > F is clearly equivariant. Any tensor field 
g S S 2 T*M thus yields naturally an equivariant map Hom(R°l 2 ,M) — > V, and as we noticed 
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above, this correspondence is a bijection. In other words, the sheaf of sections of S 2 T*M is 2- 
representable (more information on approximations of covariant tensor fields is in the last example 
in Sectional. 
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